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Abstract 
Using fractional calculus, an improved adaptive feedforward cancellation (IAFC) approach is proposed for the 
trajectory tracking of fast tool servo (FTS), in which a novel feedforward resonator loop is developed. With only a 
single resonator loop, the obtained results verify that a strong robustness to the frequency disturbance can be achieved, 
and the performance of tracking control is improved. When the feedforward resonator loop is implemented with 
multiple resonators for multi-frequency tracking, the IAFC has enhanced the overall performance of the trajectory 
tracking about 2 orders of magnitudes. All of the obtained results show that the IAFC is more superior to the 
conventional AFC. 
Keywords: Ultra-precision Machining, Fast Tool Servo, Adaptive Feedforward Cancellation, Fractional Calculus, Frequency 
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1.  Introduction 
Fast tool servo (FTS) has been recognized as a very promising technology in ultra-precision machining, 
such as the generation of freeform optical surfaces, the dynamic compensation of form errors, the active 
control of surface topography, and so on [1-4]. The FTS trajectory has the characteristics of quasi-
periodicity, so that it can be expanded into a Fourier series with respect to the rotational angle of the 
spindle. During the FTS trajectory tracking, there are always the unavoidable disturbances caused by the 
uncertainties of the cutting process and the controlled FTS [4-7]. Therefore the robustness of FTS control 
system is crucial to achieving the required the form accuracy and surface finish of the machined 
workpiece. The quasi-periodic trajectory tracking of FTS is usually carried out by adaptive feedforward 
cancellation (AFC) [5-8]. However, one of the limitations of the AFC is that the frequencies of a 
trajectory or disturbance should be exactly known in advance, and small disturbance of the frequency 
may lead to significant tracking errors [6, 8, 9]. Since the required performance of the FTS trajectory 
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tracking are extremely strict, AFC should be further improved to achieve the better robustness with 
respect to the frequency uncertainties.  
It has been verified that the fractional calculus based control systems can have a better performance of 
disturbance rejection compared to the traditional controllers [10-12]. In order to meet the required 
performance of FTS and obtain a better robustness of the control system, fractional calculus are used to 
improve the conventional AFC (CAFC) loop and develop a novel feedforward resonator loop.  
The remainder of this paper is organized as follows. Section 2 gives a brief preliminary to fractional 
calculus. Section 3 develops a novel feedforward resonator loop. Section 4 compares the performances of 
CAFC and IAFC by numerical simulation. Section 5 draws the main conclusions of this paper. 
2.  A Preliminary to Fractional Calculus 
Fractional calculus is a generalization of the integration and differentiation to the non-integer order 
with the fundamental operator
0
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where t0 and t are the limits of the operation, respectively; Į is the order, Rα ∈ , but Į could also be a 
complex number. Generally, there are two common definitions on the operator, known as Grunwald–
Letnikov (G-L) definition and Riemann–Liouville (R-L) definition [10, 12]. The G-L and R-L definition 
can be respectively given as: 
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where ( )Γ ⋅ is the Gamma function, h is calculation step. For zero initial conditions, the Laplace transform 
of both G-L and R-L definition can be written as: 
0
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The transfer function with fractional orders can not be directly implemented, and it is usually 
approximated by an equivalent integer-order one [11, 12]. In the numerical simulations of the present 
work, a well-known approximation called Oustaloup method is employed. The approximated transfer 
function based on Oustaloup method is determined using the following definition: 
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The gain k should be regulated to guarantee both sides of Eq. (4) have unit gain at 1.0 rad/s, the 
number of poles and zeros (N) is chosen in advance. The lower values of N result in a simpler model but 
certain ripples may appear both in gain and phase plots. Such ripples can be functionally removed by 
increasing N, but resulting in a heavier computation. The approximation is legitimate in the frequency 
range[ , ]L Uω ω , frequencies of poles and zeroes in (4) are given by 
,1z Lω ω η= , , ,p n z nω ω ζ= , , 1 ,z n p nω ω η+ = ,  
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/( ) NU L
αζ ω ω= , (1 )/( ) NU L αη ω ω −=  . 
The case of 0α <  can be handled by inverting Eq. (4). For 1α > , to achieve the satisfactory 
approximation, it is common to separate α  as follows: 
s s sα χ δ= , α χ δ= + , χ ∈Z , [ ]0,1δ ∈ . 
where sδ  is replaced by the approximation in Eq. (4). 
3.  The Improved AFC 
The AFC controller is constructed with a parallel array of resonators with frequencies nω , 
1, 2, ,n N= L , corresponding to the frequency of the spindle rotation. Fig. 1 shows a schematic of such 
an AFC resonator. It can be shown that the resonator shown in Fig. 1 is equivalent to a linear, time-
invariant (LTI) system of the form [5, 6]: 
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where gain ng  and phase advanced parameter nφ  are constants determined by users for each value of n. 
The choosing of the optimal values of these parameters is detailed in Refs. [5] and [6]. The nφ  parameters 
can be simply chosen on the basis of the phase of plant P(s) evaluated at nω . The gain parameter ng  is 
then chosen to set the gain margin associated with each of the magnitude minima between the resonant 
peaks, and ng  should be maximized within the limits of stability for lower error and faster convergence. 
Figure 2 shows a schematic of an improved AFC (IAFC). As shown in Fig. 2, ( )nC s  is the n-th 
resonator with frequency nω ; ( )F s  is the command pre-shift block; μ  and δ  are integration and 
differential order, respectively; PK , IK , and DK  are proportional gain, integration gain and differential 
gain, respectively; ( )P s  is the transfer function of FTS, the FTS model identified in [13] will be used for 
exploring the proposed control strategy in this paper. The overall transfer function of an IAFC can be 
written as: 
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Fig. 1.  The equivalent LTI model of an AFC 
resonator 
Fig. 2.  IAFC controller Loop 
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4.  Results and Discussion 
To reveal the characteristics of the IAFC, a single AFC resonator loop (20 rad/s) directly acting on the 
FTS is examined. The comparison between IAFC and CAFC on the tracking errors to a sinusoidal 
command with frequency 20rad/s and amplitude 1ȝm are shown in Fig. 3. Both of the IAFC and CAFC 
will drive the system errors to zero, and a longer settling time is observed in the IAFC control system. 
However, the overshoots of the CAFC and IAFC control system are about 44.78% and 2.08%, 
respectively. It is obvious that the IAFC can be much better than the response performance of FTS with 
respect to the sudden disturbances. 
Figure 4 shows the tracking errors to a sinusoidal command with frequency 25rad/s and amplitude 
1ȝm for a single AFC resonator (20 rad/s).. The residual error of the IAFC is about 1.63%, while the 
residual error of the CAFC is about 28.3%. That is to say, the IAFC increases the robustness of the 
control system by a factor of 17.4.  
Figure 5 shows the tracking errors with respect to different frequencies in the same control system. 
The results show that the errors of the CAFC control system present a characteristic of exponential 
growth as the frequency increases, and linear growth as the frequency decreases. With the frequency 
increasing to 60 rad/s, the CAFC hardly has any actions on the control system. In the case of the IAFC, 
the tracking errors show a slightly increase before the frequency increases to 25 rad/s, and then decrease 
as the frequency increases furthermore. Even the frequency increases to the 80 rad/s, which has a 3 times 
deviation from the selected frequency, the tracking error of the IAFC is about 0.638%. Thus, it is clear 
that the IAFC has a strong robustness to the frequency variations. 
In order to explore the performance of the IAFC control loop with multiple resonators for a multi-
frequency command tracking, the control system of 3 resonators with the frequencies 
1 20rad/sω = , 2 40rad/sω = , 3 60rad/sω =   
is examined, and a constant feedforward pre-shift is also added to the simulated system. The input signal 
with 3 selected frequencies and 3 noises of displaced frequencies is chosen as: 
( ) 4sin(20 ) 2sin(40 ) sin(60 )
0.15sin(26 ) 0.1sin(54 ) 0.085sin(82 )
u t t t t
t t t
= + +
+ + +
. 
  
Fig. 3  Tracking errors of IAFC and 
CAFC with selected resonator frequency 
(20rad/s). 
Fig. 4  Tracking errors of IAFC and 
CAFC with a sinusoidal command 
(25 rad/s, 1ȝm). 
Fig. 5  Tracking errors with different 
frequencies.  
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             (a)  CAFC  (b)  IAFC
Fig. 6  Tracking errors of the control system with multiple resonators  
Figure 6 shows the tracking errors of the CAFC and the IAFC control system, respectively. The 
overshoots of the CAFC and IAFC control system are about 3 ȝm  and 0.02 ȝm , respectively. The 
amplitude of the errors of CAFC is about 0.2066 ȝm , while it of the IAFC is about 0.001121 ȝm . 
According to the tracking accuracy and overshoot obtained, the performance of the IAFC control system 
enhances about 2 orders of magnitudes. Overall, the results verify that the proposed IAFC has strong 
robustness to the frequency variations, and can improve the performance of the control system.   
5 Conclusions  
Fractional calculus is used to improve the CAFC and a novel feedforward resonator loop is developed 
to achieve a better robustness of the control system with respect to the frequency disturbance. With the 
implementation of only one single resonator to the control system, the overshoot of the IAFC control 
system is about 4.6% of the CAFC control system when tracking the selected frequency input signal. The 
simulation results verify that the IAFC control system presents a strong robustness to tracking the input 
signal with frequency variations. When the proposed IAFC controller is implemented with multiple 
resonators for tracking multiple frequencies, the performance of the IAFC system enhances about 2 orders 
of magnitudes according to the tracking accuracy and overshoot.  
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